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ABSTRACT

Ratio estimators are sometime to be found less efficient. There is very little research to esti-
mate the variance of the population, so in this work, an attempt was made to estimate the 
variance of the finite population under two-stage sampling in which the exponential ratio 
type estimator existing for estimating the variance of the finite population under two-stage 
sampling (case II) was modified and new five modified estimators for estimating finite pop-
ulation variance were obtained. The biases, mean square errors (MSEs), minimum MSEs, 
and PREs of proposed estimators were derived. The empirical study has been conducted 
with three real life data and the result shows that the proposed estimators have the mini-
mum MSE and higher Percentage Relative Efficiency (PRE), which implies that the proposed 
estimators are more efficient than the existing estimators considered in the study.
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1. Introduction

Two-stage sampling technique or sub-sampling is a 
probability sampling technique which offers a vari-
ety of possibilities for effective use of auxiliary infor-
mation. Two-stage sampling is used when the size of 
the clusters are large, making it difficult or expensive 
to observed all the units inside them. Unlike in sin-
gle-stage sampling, where the required information is 
obtained from all the elements in the selected clusters, 
but in two-stage sampling, elements in the selected 
clusters, are again sampled.

In survey sampling, when available population is 
in the form of clusters, it is useful to use two-stage 
sampling design in order to reduce cost of the survey 
(Cochran, 1977; Kalton, 1983; Sarndal et al., 1992).

Mahalanobis (1967) was the first to introduce the 
two-stage sampling scheme which was extended by 
Godambe (1951). Saxena et al. (1984) introduced 
a better approach for multistage design. Most of the 
research has appeared in two-stage sampling for the 
estimation of the mean and total of the population, 
including Yunusa (2010), Saini (2013), and Singh et al.  
(2013). Many researchers, such as Wolter (1985), 
Das and Tripathi (1978), Isaki (1983), Upadhyaya 
et al. (2004), Gupta and Shabbir (2007), Singh and 
Vishwakarma (2008), Gupta and Shabbir (2010), have 
worked to estimate the variance of the finite popula-
tion using simple random sampling and Muhammed 
et al. (2014) worked in estimating the variance of the 
finite population under two-stage sampling by adopt-
ing an exponential ratio type estimator. 
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Isaki (1983) proposed the ratio type estimator to 
estimate the population variance of the study variable 
as
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The estimator’s bias and mean square error (MSE) 
are:
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The sample variance estimator of the population 

variance which is an unbiased estimator of the popu-
lation variance is defined as
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Gupta and Shabbir (2008) proposed a new hybrid 
class of estimators to estimate the population variance 
based on the two mean estimators of Sahai and Ray 
(1980) and Kaur (1989) to estimate mean Ȳ. One of 
the proposed estimators ( Sˆpr2(0) ) performs better than 
the regression estimator; the estimator is more effi-
cient than the Kadilar and Cingi estimators (2006).
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Singh et al (2011) proposed the exponential ratio 

estimator for the population variance as
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The bias and MSE up to the first order of approxi-
mation, respectively, are
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The usual linear regression estimator for popula-

tion variance is
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The MSE of Sˆlr
2  to the first order of approximation is
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Yadav and Kadilar (2013) motivated by Upadhyaya 
et al. (2011) and following them, they proposed the 
improved an exponential ratio type estimator of the 
population variance as

α
α

= −
+ −












αt s

s
S s

exp 1

( 1)
y

x

x x
Re

( ) 2

2

2 2
� (1.15)

γ
λ

α
α λ

( ) ( )=
−

− −





αt SBias( )

1

2

2 1 1yRe

( ) 2 04

2
� (1.16)

γ λ
λ

α
αλ( ) ( ) ( )= − +

−
−












αt SMSE( ) 1

1

1 2yRe

( ) 4

40

04

2

� (1.17)

The MSE( αt
Re

( ) ) is minimum for α = α0 = 
λ
1 , substitut-

ing α
λ

= 1  into Eq. (2.1.19), they get the asymptotically 
optimum estimator in the class of estimators αt

Re

( )  as
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Olufadi and kadilar (2014) proposed an estimator 
to estimate population variance Sy

2 , as follows
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where α
1
 and α

2
 are real constants to be deter-

mined such that the MSE of t is minimum.
The Bias and MSE of the estimator were obtained 

as follows:
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Misra and Karan (2014) proposed a generalized 
double sampling estimator to estimate the variance of 
the finite population given by
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The bias and MSE of dg are
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The usual variance estimator for the population 
variance in the two-stage sampling is given by
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The MSE of the estimator in Eq. (1.26) is
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Muhammad et al. (2014) proposed an improved 
exponential ratio type estimator for the population 
variance ( Sy

2 ) in a two-stage sampling on the lines of 
Gupta and Shabbir (2008) as
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where k1 and k2 are suitably constants. They dis-

cussed two cases.
CASE I: When K1 + K2 ≠ 1
At the first order of approximation, the bias and the 

MSE of estimator in Eq. (1.28) are
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CASE II: when k1 + k2 = 1
In case II, the proposed estimator becomes
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By Putting k2 = 1−k1 in Eq. (2.1.32) and Eq. (2.1.33), 

they, respectively, have the bias and the MSE of Sˆp s(2 )

*
2

  
as



O. O. Ishaq et al. / Science Forum (Journal of Pure and Applied Sciences) 20 (2020) 307 – 315310

S
k S k S

Bias
ˆ

1

1

2

3

4

1

2

3

4

1

2

p s

y y

x

i
xi

i
i

N

x i xi
i

N

(2 )

*

1

2

1

2

2(1 )

*

22(1)

*

2

2(2 )

*

22(2 )

*
1

2(1 )

*

2 2(2 )

*

1

2

∑

∑

γ β ϕ γ

γ
β ϕ

γ

ϕ γ β γ β

( )
( )

=
− +

−








 −











+
−











−

































+ +




















=

=

� (1.33)

S S k A B C k B C D E B EMSE
ˆ

1 2 2 2p s y(2 )

* 4

1

2

1

*

1

*

1

*

1 1

*

1

*

1

*

1

*

1

*

1

*
2( ) ( ) ( )= + + − − − + − + −





	              S S k A B C k B C D E B EMSE
ˆ

1 2 2 2p s y(2 )

* 4

1

2

1

*

1

*

1

*

1 1

*

1

*

1

*

1

*

1

*

1

*
2( ) ( ) ( )= + + − − − + − + −



 � (1.34)

S S B E
B C D E

A B C
MSE

ˆ
1 2

2
p s y(2 )

*

min

4

1

*

1

* 1

*

1

*

1

*

1

*
2

1

*

1

*

1

*

2( ) ( )
( )= + − −

− + −

+ −













� (1.35)
The estimator proposed Sˆp s(2 )

*
2
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.

2. Proposed Estimators

Having studying the Muhammad et al. (2014) ratio 
exponential estimator, the following estimators were 
proposed
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3. Properties of Proposed Estimators (BAIS AND 
MSE)

To get the bias and the MSE, let’s define the following:
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3..1. Bias and MSE of Tm1, Tm2, Tm3, Tm4, and Tm5

Expressing Eq. (2.1) up to the first order of approxi-
mation, we have
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Simplifying Eq. (3.3), we obtained,
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Subtracting Sy
2  from Eq. (3.6), take the expectation 

and apply the results of Eq. (3.1), the bias of Tm1  is 
obtained as
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To obtain MSE of Tm1 , Square both sides of Eq. (3.7) 
and take expectation of both sides
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∗ ∗
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∗
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∗ ∗

=

� (3.10)
To obtain optimality value for α , we differentiate 

Eq. (3.10) partially with respect toα  and equate to 
zero.

Let A y= ∗γβ2 1( ) , C = ∗γγ 22 1( ) , D i i
i

N

= ∗

=
∑γ γ2 22 2

1
( ) , 

E x= ∗γβ2 1( ) , F i xi
i

N

= ∗

=
∑γ β2 2 2

1
( ) , G i yi

i

N

= ∗

=
∑γ β2 2 2

1
( )

∂
∂

= +( ) − − +




=

MSE T S C D E Fm
y

( )
( )( )1 4 1

2
1 0

α
α

� (3.11)

α = −
+
+

1
2( )C D
E F

� (3.12)

Substituting Eq. (3.12) result into Eq. (3.10), gives 
minimum MSE of Tm1

MSE( ) ( )
( )

minT S A G C D
E Fm y1

4
2

= + −
+
+









 � (3.13)

Following and adopting the procedures above, the 
biases and MSEs of Tm2, Tm3, Tm4, and Tm5

Bias( ) ( ) ( ) ( ) ( )T Sm y x i i2
2

22 1 2 1 2 22 2 21
1
2

1
8

1
2

1
8

= − − + −∗ ∗ ∗β γγ γβ γ γ γ ii xi
i

N

i

N

β2 2
11

( )
∗

==
∑∑






	         Bias( ) ( ) ( ) ( ) ( )T Sm y x i i2
2

22 1 2 1 2 22 2 21
1
2

1
8

1
2

1
8

= − − + −∗ ∗ ∗β γγ γβ γ γ γ ii xi
i

N

i

N

β2 2
11

( )
∗

==
∑∑





� (3.14)
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β = +
+
+

1
2( )C D
E F

� (3.16)

Substituting the Eq. (3.16) into Eq. (3.15), we have 
minimum MSE of Tm2

MSE( ) ( )
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minT S A G C D
E Fm y2

4
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


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Substituting Eq. (3.21) into Eq. (3.20), we have min-
imum MSE of Tm3 w

MSE( )minT S A G
C D
E Fm y3

4

2

= +( ) − +( )
+













� (3.22)

T
S e S

S e S
S S e S

S S
m

y y

x x
x y y

x x
4

2
0

2

2
1

2

2 2
0

2

2 2

1=
+( )
+( )

+ −( ) +( )
− +φ

φ exp
ee S

S S e S
x

x x x

1
2

2 2
1

2

( )
+ +( )













           T
S e S

S e S
S S e S

S S
m

y y

x x
x y y

x x
4

2
0

2

2
1

2

2 2
0

2

2 2

1=
+( )
+( )

+ −( ) +( )
− +φ

φ exp
ee S

S S e S
x

x x x

1
2

2 2
1

2

( )
+ +( )













� (3.23)

Bias( ) ( ) ( )T Sm y i i
i

N

4
2

22 1 2 22 2
1

1
2

1
1
8

5= − +( ) +







 + +∗ ∗

=
∑φ γγ γ γ φ 33 2 1 2 2 2

1

( ) +



















∗ ∗

=
∑γβ γ β( ) ( )x i xi
i

N

	          Bias( ) ( ) ( )T Sm y i i
i

N

4
2

22 1 2 22 2
1

1
2

1
1
8

5= − +( ) +







 + +∗ ∗

=
∑φ γγ γ γ φ 33 2 1 2 2 2

1

( ) +



















∗ ∗

=
∑γβ γ β( ) ( )x i xi
i

N

� (3.24)

T SMSE( ) 1

1
4

1

m y

y i yi
i

N

i i
i

N

x i xi
i

N

4
4

2(1 ) 2 2(2 )
1

22(1) 2 22(2 )
1

2

2(1 ) 2 2(2 )
1

∑

∑

∑

γ β γ β

φ γ γ γ γ

φ γ β γ β

( )

( )

=

+










− + +










+ + +






















∗ ∗

=

∗ ∗

=

∗ ∗

=

� (3.25)

φ =
+( )
+

−
2

1
C D
E F

� (3.26)

Substituting Eq. (3.26) into Eq. (3.25) to get the 
minimum MSE of Tm4
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Substituting Eq. (3.32) result into Eq. (3.31), we 
have minimum MSE of Tm5
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4. Empirical Study

We applied Muhammed et al. (2014) estimator (case 
II) to estimate the variance of the finite population 
variance under two-stage sampling and the modified 
estimators on three sets natural data. 

The descriptions of the population are given below:

POPULATION I: {Source: Government Technical 
College, Farufaru: SS1 Classes}

The population I consist of four clusters of unequal 
sizes and the relationship between study variable (Y) 
and auxiliary variable (X) is positive.

Y: Scores of SS1 students in Physics Examination, 
Third term (2017/2018) Session

X: Scores of SS1 Students in Mathematics 
Examination, Third term (2017/2018) Session.

POPULATION II: {Source: Government Technical 
College, Farufaru: SS2 Classes}

The population II consists of four clusters of unequal 
sizes and the relationship between study variable (Y) 
and auxiliary variable (X) is positive.

Y: Scores of SS2 students in Physics Examination, 
Third term (2017/2018) Session

X: Scores of SS2 Students in Mathematics 
Examination, Third term (2017/2018) Session

Clusters Mi mi β2 2( )xi
∗ β2 2( )yi

∗ γ 2i γ 22 2( )i ρ2

2

i
∗ Xi Yi

2 1 1.2544 1.1012 1.04436x10-5 0.8698 0.5477 52.3605 42.2558

1 1 2.2518 1.7589 0 1.8669 0.8800 44.8364 37.3455

2 1 3.9687 5.0346 1.04436x10-5 4.3661 0.9541 62.2667 66.3238

2 1 1.2593 1.2811 1.04436x10-5 1.0536 0.6881 42.4359 35.3718
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=

1 75

0 002095

. ,

.γ

Clusters Mi mi β2 2( )xi
∗ β2 2( )yi

∗ γ 2i γ 22 2( )i ρ2

2

i
∗ Xi Yi

2 1 4.2285 4.3883 4.5295x10-5 4.2898 0.9917 26.4151 28.9811

1 1 8.7854 9.4278 0 9.0865 0.9968 21.5417 24.9583

2 1 6.1065 5.7068 4.5295x10-5 5.7686 0.9549 24.7647 27.7451

2 1 3.2003 3.4323 4.5295x10-5 3.1868 0.9273 23.9706 26.6471

N n S Sx y x= = = = = =∗162 89 180 2256 180 5248 0 8954 02 2
1
2

2 1, , . , . , . , .( )ρ β 33854 0 3654

0 3551 24 6605 27 5062

2 1

22 1

, . ,

. , . , . ,

( )

( )

β

γ
y

X Y M

∗

∗

=

= = = =11 75 0 005063. .γ =
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Clusters Mi mi β2 2( )xi
∗ β2 2( )yi

∗ γ 2i γ 22 2( )i ρ2

2

i
∗ Xi Yi

2 1 2.0793 1.3705 2.28791x10-5 0.7682 0.2071 35.6393 45.0000

1 1 1.1286 1.4267 0 1.0994 0.7523 38.4706 41.7941

2 1 1.4278 1.7919 2.28791x10-5 1.1262 0.4957 35.9385 38.0462

2 1 1.8802 2.6914 2.28791x10-5 1.8688 0.6901 34.5397 36.7143

N n S Sx y x= = = = = =∗223 128 151 5352 212 1145 0 7597 02 2
1
2

2 1, , . , . , . , ( )ρ β .. , . ,

. , . , . ,
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2 1
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β

γ
y
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∗

∗

=

= = = == =1 75 0 003328. .γ

POPULATION III: {Source: Government Technical 
College, Farufaru: SS3 Classes}

The population III consists of four clusters of 
unequal sizes and the relationship between study vari-
able (Y) and auxiliary variable (X) is positive.

Y: Scores of SS3 students in Physics Mock 
Examination, (2017/2018) Session

X: Scores of SS3 Students in Mathematics Mock 
Examination, (2017/2018) Session

Table 1 shows MSE and PRE of the usual variance 
estimator, Muhammed et al. (2014) case II estimator 
and the proposed estimators. The result of Table 1 
shows that the proposed estimators have minMSE and 
higher PRE. This implies that the proposed estimators 
are more efficient than the existing estimators consid-
ered in the study.

Table 2 shows MSE and PRE of usual variance esti-
mator Muhammed et al. (2014) case II estimator and 
the proposed estimators. The result of Table 2 shows 
that the proposed estimators have minMSE and higher 
PRE. This implies that the proposed estimators are 
more efficient than the existing estimators considered 
in the study.

Table 3 shows MSE and PRE of usual variance esti-
mator Muhammed et al. (2014) case II estimator and 
the proposed estimators. The result of Table 3 shows 
that the proposed estimators have minMSE and higher 
PRE. This implies that the proposed estimators are 
more efficient than the existing estimators considered 
in the study.

Table 1.  MSE and PRE of proposed estimators, Muhammed et al. (2014) case II 
and Usual variance estimator.

Estimators MSE PRE

Usual variance ( ˘
( )S s0 2
2 ) 495.2547 100

Muhammed et al (2014) case II ( ˘
( )Sp s2

2∗ ) 328.6935 150.6737

Proposed estimators (Tm) 99.12242 499.6394

Table 2.  MSE and PRE of proposed estimators, Muhammed et al (2014) case II 
and Usual variance estimator.

Estimators MSE PRE

Usual variance ( ˘
( )S s0 2
2 80.25877 100

Muhammed et al (2014) case II ( ˘
( )Sp s2

2∗ ) 11.24403 713.7901

Proposed estimators (Tm) 7.191233 1116.064

Table 3.  MSE and PRE of proposed estimators, Muhammed et al (2014) case II 
and Usual variance estimator.

Estimators MSE PRE

Usual variance ( ˘
( )S s0 2
2 ) 92.06371 100

Muhammed et al (2014) case II ( ˘
( )Sp s2

2∗ ) 69.07121 133.2881

Proposed estimators (Tm) 24.16119 381.0396
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5. Conclusion

From the empirical study, the results show that the 
modified estimators are more efficient than the exist-
ing estimator considered in the study.
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