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ABSTRACT

Experiments, for example, medical and social science surveys, conducted by human are
often characterized by the problem of non-response of missing observations. In this
study, an alternative imputation method to Singh and Horn and Singh et al. compromised
imputation methods has been suggested due to decrease in their efficiency when the
value of unknown weights tend to unity. The properties (bias and mean squared error)
of the proposed estimators were derived up to first-order approximation using Taylor
series approach. Conditions for which the proposed estimator more efficient than other
estimators considered in the study were also established. Numerical illustration was
conducted and the results revealed that the proposed estimator is more efficient.

1. Introduction

Experiments that include humans (for example, med-
ical and social science surveys) are often confronted
with the problem of non-response. These lost val-
ues in turn create complications in the handling and
analysis of data. Over time, many ways have been
developed to deal with the problem of estimating
unknown parameters in the presence of missing val-
ues. Imputation is a common technique used to treat
situations in which data are missing. Missing values
can be completed with specific alternatives and the
data can be analyzed using the standard methods.
Information on imputation methods help to improve
the accuracy of estimates of population parameters
Hansen and Hurwitz (1946) were the first to consider
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the problem of non-response. Several authors also
proposed estimates to estimate unknown parameters
when missing values. Kadilar and Cingi (2008) sug-
gested estimating the average population of missing
data values. Diana and Perri (2010) used additional
information about the lost values. Singh et al. (2014)
suggested exponential type of the projection method.
Other authors, including Mishra et al. (2017), Prasad
(2017), Singh and Gogoi, Singh et al. (2010), etc also
proposed estimators of population mean under impu-
tation methods. However, the efficiency of the estima-
tors proposed by Singh and Horn (2000) and Singh
etal. (2014) decreases as the value of unknown weight
A (0 <A <Dand v (0 < v < 1), respectively, approach
unity due to the loss of auxiliary information attributed
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to such situation. In the current study, we suggest an
alternative exponential-type compromised imputa-
tion method to estimate population mean Y of vari-
able y.

Consider a population QN of size N from which a
random sample S of size n is drawn without replace-
ment. Let 7 be the number of responding units out of
n samples. Also, let denote the set of units responded

by R and the units missing by R°.Foreach i € R, the
value of y, is observed. However, for unit i € R®, J;
is missing and the calculated values are derived using
different methods. The computation is done with the
help of the auxiliary variable x so that the values of
X, is known and positive.

The Mean Method of imputation, values found
missing are to be replaced by the mean of the rest of
observed values. The study variable thereafter, takes
the form given as

Y, ifie R

Yi=)_ o
‘ v, ifie R°

(1.1)

Under the method of imputation, sample mean

denoted by émean

6 e = [Zy 27 )

can be derived as

ieR¢

i(ry +(n-r)y,)=7 (12)

Zy

V" ieR

where y, =

The bias and mean square error (MSE) of émean are
given by Egs. (1.3) and (1.4), respectively.

Bias(§,_ )=0 (1.3)
MSE(6, =9, ,7°C; (1.4)
1 S
where =———,C, =2,
b =TTy
1 N —\2 1 N
S, =,—— — , Y =—
i SUR SRS
Under ratio method of imputation, values

found missing in the study variable are to be
replaced by values obtained using the expression

B = zyi /in =Y /X, . The study variable thereaf-
i=1 i=1
ter, takes the form given as

Y, 1eR
Y.=9 4 ) . (1.5)
px, ieR

Under the method of imputation, estimator of pop-

ulation mean denoted by O_rmo can be derived as

nl[Zyi + ZBxi]
n ieR ieR¢ f
n_l(le. + in] '
ieR ieR®
(1.6)

e E, =

where x =-—
V ieR nies

The bias and MSE of §mio up first order approxima-
tion are given by Egs. (1.7) and (1.8), respectively as

Bias(ératio) = (Dr,n?(c)z( - CYX) (17)

MSE(,,)=9,,7°C;+9, 7 (Ci-2C,) (18)
h C C X C = SX

where pYX yCxs Pyy = SYSX, X_Y’

1 N —\2

{7k )
1 B | 1 1
yx:\/ﬁg'(yf_y)(xi_X),Xzﬁ.wa‘Pr,nz___

i=1 r n

Singh and Horn (2000) utilized information from
imputed values for responding and non-responding
units as well, thereafter giving study variable the form
given by Eq. (1.9).

lzyi+(l—l)ﬁxi
r
(1-2)Bx,

Under this method of imputation, estimator of pop-

Y= (1.9)

i€ R

ulation mean denoted by eimP can be derived as

écmp=_[z[”j +(1- A)ﬁx]+( ),BZxJ

n\ ier ieR®

=y,,[a +(1_a)§] (1.10)
X

r

The bias and MSE of écmp up first-order approxima-

tion are given by Eqgs. (1.11) and (1.12), respectively as
Bias(6,, )=(1-2)¢, Y (Ci-C,) (1.11)
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MSE(6,,)=9,,7°Ci+9,,7*((1-2) €} -2

(1-2)Cy
écmp attained optimality when A =1-C,, / C% and

(1.12)

the minimum MSE of §_  denoted by MSE(écmp) :
is given by "

MSE(6,.) =7°C}(o.,-¢,.p}) (1.13)

The efficiency of the estimator écmp proposed by

Singh and Horn (2000) reduces as the value of A
reduces to unity due to loss of auxiliary information
attributed to such situation.

Singh et al. (2014) proposed Exponential-Type
Compromised Imputation method as

X__
v rd=v)T expl =2 | ifieR
ro' " X+Xx
Yi= 7oz
(I-v)y exp __fr ifie R°
" X+Xx
(1.14)

_ The point estimator for the population mean
Y in the case of Exponential-Type Compromised
Imputation method is given as

A 1 n X-x
0 =—| Vv— +r(1-v)y exp| =—=
ExpCmp n r IEZRy, ( )J’, p X+fr
_ X-X
R _ _ X-x
O crocmy =V, +(1=V )Y, exp) ——— (1.16)

The bias and MSE of écmp up first order approxima-
tion are given by Egs. (1.17) and (1.18), respectively,
as

(4 (3., 1
B1as(0EXpCmp):(l—v)gvr’NY[gC;—ECYX} (1.17)

N _ 1-v)?
MSE(GEXPCmP): gDr,Nyz(C}%-’-( 4V) C/Z\’_(I_V)CYX] (1.18)

P

. . . 2
0 , attainedoptimalitywhen v = 1-2C,, /C,

ExpCm N
and the minimum MSE of 6, denoted by
xpCmp

MSE ( 0 is given by

ExpCmp )min

MSE(, ) =9,,77C;(1-p},) (1.19)

The efficiency of the estimator éExpCmp proposed by

Singh et al. (2014) reduces as the value of v reduces to
unity due to loss of auxiliary information attributed to
such situation.

Estimators defined in Egs. (1.6), (1.10), and (1.16)
are ratio-based estimators and this implies that their
efficiency depend on the strong correlation between
the study and auxiliary variables unlike regression
approachthatisless sensitive to the level of correlation.

2. Proposed Estimator under Imputation

In this study, we have proposed an exponential type
imputation method using regression approach defined
as

y ifieR
y.=1_ _ A(X-x) .
y’(wl+w2(X x’))exp[l()_(+xr)+2n] ifie R
(2.1)

The point estimator of the population mean under
this method of imputation is given by

0,y :%yr +£1—;J 7 (w+w, (X-%))

A(X-x)
A(X+X)+2n

exp (2.2)

By varying A and 7, the following estimators are
obtained

(2.5)

9 PExp3

—_—
=
+
=
|
|
=
N
2
o
TN/
I
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~ r _ ro|_
ePExp(ﬂ' :O,T] Em) _>;yr+(l_;]yr

(w+w,(X-x))=6 (2.6)

PExp4

To obtain bias and MSE of the proposed estimator
up to the first order of approximation, we use follow-
ing transformations as follows:

)7r:7(1+80):>80:{y’;y] ,
)?r:)_((1+el)=81:[ r_ ]

v i=(0, 1).

=
|

such that |8 i| <1,

The expected values of ¢ up to first-order approxi-
mation are given by Eq. (2.7) as

Ble,)=E(e)=0.E(e2)=0,,C;

(2.7)

E(glz) - QV’NC)Z{,E(;; 081) =0,,pC,C,

Under the above transformations Eq. (2.2) is

defined as

A —| r r

ePrExp:Y ;(1+€0)+[1—;]

w—(uw +w,X)e +we +

(2.8)

3 - —
[E,wal+,uw2X]812—(/.1w1+w2X)8081

AX
2(AX+n)

where U =

Subtract Y from both sides of Eq. (2.8), we obtained

A - || r r r r
QPrEXp—Y:Y [;—1]+[;+W1;]80+[1—;

_ 3 _
wl—(,uwl+w2X)81+[5,u2w1+,uw2XJ812 29)

—(uw +w,X)e g,

Now, taking expectation both the sides of Eq. (2.9)
and apply the results of Eq. (2.7), we get the bias of
proposed estimator OPIEXP as

. (A = |7 r
Blas(OPrExp)z Y [n_lj +[1—n] ?, .y

[;uzwl +‘uw2)_(] C)Z(

+(/J w, +w2)_()CYX

(2.10)

Square and take expectation both the sides of Eq.
(2.9) and then apply the results of Eq. (2.7), we get the
MSE of proposed estimator ePrExp as

MSE(éPrEXp) = 72[1—2+é(1+ ¢, ,Cr)+w A

n n

+ szB +2w,C+2w,D+ ZWIWZEJ (2.11)

where
2
A= 1—%] (1+9,,N(C§+4H2C§—4NCYX)) (2.12)
2
r T2
B=|1--| ¢  XC2 (2.13)
n ,
r r 3 5, .
C= 1—; ; 1+¢V,N E‘U CX_Z'UCYX

3
_{H(pr,N[E“zC;_“CYXJ} (2.14)

D:[l_%][%q)rw)?(:uc)z(_zcyx)

+0,,X(uCi-C,) (2.15)

2
E:2[1—2] 0, X(HC2-Cy) (2.16)

To obtain the expression for the optimum value of
w,and w,, we partially differentiate MSE(QPrEX
with respectto w, and w,, and then equate the results
to zero as

N :—(C+W2E)

(2.17)
! A
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—(D+wE)

w,=———+
B

Solve Egs. (2.17) and (2.18) simultaneously, the

expressions for optimum values of w,,i =1,2 denoted

(2.18)

by w™, i=1,2 are obtained as
opt _ DE-BC (2.19)
' 4B-E’
CE—-AD
= 2.20
' 4B-E’ (2:20)

Substituting Eqgs. (2.15) and (2.16) in Eq. (2.7), we
get the minimum MSE of proposed estimator 6
denoted by MSE(Q ) as

PrExp

PrExp / hin
_ 2
MSE(6,,,) =7’ [1 2—’:+%(1+ ¢,.C?)

BC?+ AD*-2CDE
- T (2.21)

3. Efficiency Comparison

1) MSE(6,,,) <MSE(6__) if (3.1) is satisfied
2r 1’ BC? + AD* - 2CDE
I-—+—(1+¢ ,C:)¢ -
[{ n n2 ( (Dr,N Y)} AB— E2
-9, ,C; <0 (3.1)
2) MSE(6,, )<MSE(6_.) if Eq. (3.2) is
satisfied
2r 1’ BC? + AD* - 2CDE
I-—+—(1+¢ ,C:)¢ -
[{ n nZ ( (Dl‘,N Y)} AB— E2
-9,,Ci+0,,(C,-2C,)<0 (32)
3) MSE(6,, )<MSE(6_ ) if Eq. (33) is
satisfied
2r 1’ BC?+ AD* -2CDE
1-—+—(1+¢ ,C})f-
[ { n nz ( (pr,N Y)} AB_ E2

~C P =9,,P3) <0 (33)

4) MSE(6,,. )< MSE(6,_ ) if (3.4) is satisfied
2r 7’ BC*+ AD* - 2CDE
I-—+—(l+¢ ,C:)-
n nz( Pr Y) AB-E?

—(pr,NC;(l—pf(Y) <0 (3.4)

4, Numerical lllustration

For the empirical justification of the results, we con-
sider four sets of real data. The performance of the
proposed estimator is justified by comparing its per-
centage relative efficiency (PRE) to those of some
existing estimators considered in the study. PRE is
computed using the formula

A MSE(émean)

PRE(§ )= ———2/%100 (4.1)
" MSE(6))

where é./ = émean > ératio ’ écomp ’ éEXP i éPrExP

Population 1: [Source: Singh (2000)]
X: the number of laborers (in thousands), Y: quan-
tity of raw materials required (in lakhs of bales).

N =3055,n=611,r =520,Y =308582.4,
X =565,8 =425312.8,5 =723
S . =20817828.5,p =0.677

»x
Population 2: (Source: [1])
X: the number of household income earners, Y: the

household net disposal income

N =8011,n=400,r =360,Y =28229.43,

X= 1.69,8 =22216.56,S =0.78
S, =7971.302,p =0.46

Population 3: [Source: Mukhopadhyaya (2000)]
N=20,n=7,r=5,Y =41.50, X =441.95,

$?=95.937,52 =10215.21

y

S =644.8782906,p =0.6521

>

Tables 1 and 2 show the numerical results of (MSE
and PRE) of 0 0 Ocomp,QEXp,QPrExp
tors using population sets 1, 2, and 3. Of all the esti-
mators considered in the study, the proposed esti-

mator has minimum MSE and maximum PRE for all

estima-

mean’ * ratio
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A A~ A A

Table1. MSEof & .0 .0

mean® ~ ratio® = comp’ 9Exp > ePrExp using
population 1, 2, and 3.
MSE
Estimators
Population 1 Population 2 Population 3
) 288655816 1309431 14.39055
mean
éraﬁ 268185247 1282612 12.60977
0
cmp 264909782 1280420 12.05937
Exp 156356484 1032355 8.271193
é 83007982 796537.3 2.391907
PrExpl
é 83017378 796655.5 2.391997
PrExp2
é 83012626 796585 2.391952
PrExp3
) 82662777 796433.1 2.358922
PrExp4
Table 2. PRE of emean’ ratio” ~ comp’ = Exp’ = PrExp using
population 1, 2, and 3.
PRE
Estimators
Population 1 Population 2 Population 3
) 100 100 100
mean
0 107.633 102.091 114.1222
ratio
0 108.9638 102.2658 119.3309
cmp
184.6139 126.8392 173.984
Exp
6 347.7447 164.3904 601.635
PrExpl
é 347.7053 164.366 601.6125
PrExp2
0 347.7252 164.3806 601.6238
PrExp3
349.1969 164.4119 610.0477

PrExp4

the population sets. This implies that the proposed
method demonstrates high level of efficiency over
others and can produce better estimate of population
mean in the presence of non-response on the average.

5. Conclusion

From the results of the empirical study, it was obtained
that the proposed estimator is more efficient than other
estimators considered in the study and therefore, it is
recommended for use for estimating population mean
when certain values of study variables are missing.
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